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Abstract
For a knot K with ∆K(t)
.
= t2 − 3t+1 in a homology 3-sphere, let M be the result of
2/q-surgery onK. We show that appropriate assumptions on the Reidemeister torsion and
the Casson-Walker-Lescop invariant of the universal abelian covering of M imply q = ±1,
if M is a Seifert fibered space.
1 Introduction
Dehn surgeries on knots or links have been studied from various points of view (e.g. [Ber, BL,
BW, CGLS, Kd1, Kd2, Kd3, KMS, Ma1, Ma2, OS1, OS2, Th, Tr1, Tr2, Wan]). The first
author [Kd1] introduced an idea for applying the Reidemeister torsion to Dehn surgery, and
showed the following:
Theorem 1.1 ([Kd2, Theorem 1.4]) Let K be a knot in a homology 3-sphere Σ such that the
Alexander polynomial of K is t2−3t+1. The only surgeries on K that may produce a Seifert
fibered space with base S2 and with H1 6= {0},Z have coefficients 2/q and 3/q, and produce
Seifert fibered space with three singular fibers. Moreover (1) if the coefficient is 2/q, then the
set of multiplicities is {2α, 2β, 5} where gcd(α, β) = 1, and (2) if the coefficient is 3/q, then
the set of multiplicities is {3α, 3β, 4} where gcd(α, β) = 1.
In this paper, based on Theorem 1.1, we discuss the 2/q - Seifert surgery by applying the
Reidemeister torsion and the Casson-Walker-Lescop invariant in combination simultaneously,
and give a sufficient condition to determine the integrality of 2/q (Theorem 2.1). The condition
is the one suggested by computations for the figure eight knot (Example 2.2).
This paper is actually a continuation of [Kd2], so we follow mainly the notations of [Kd2]
and review necessary minimum ones:
(1) Let Σ be a homology 3-sphere, and let K be a knot in Σ. Then ∆K(t) denotes the
Alexander polynomial of K, and Σ(K; p/r) denotes the result of p/r-surgery on K.
(2) Let ζd be a primitive d-th root of unity. For an element α of Q(ζd), Nd(α) denotes the norm
of α associated to the algebraic extension Q(ζd) over Q. Let f(t) be a Laurent polynomial
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over Z. We define |f(t)|d by
|f(t)|d = |Nd(f(ζd))| =
∣∣∣∣∣∣
∏
i∈(Z/dZ)×
f(ζ id)
∣∣∣∣∣∣ .
Let X be a homology lens space with H1(X) ∼= Z/pZ. Let d be a divisor of p. We define |X|d
by
|X|d = |∆K(t)|d,
where K is a knot in a homology 3-sphere Σ such that X = Σ(K; p/r). Then |X|d is a
topological invariant of X (Refer to [Kd3] for details).
(3) Let X be a closed oriented 3-manifold. Then λ(X) denotes the Lescop invariant of X
([Le]). Note that λ
(
S3
)
= 0.
2 Result
Let K be a knot in a homology 3-sphere Σ. Let M be the result of 2/q-surgery on K:
M = Σ(K; 2/q). Let π : X → M be the universal abelian covering of M (i.e. the covering
associated to Ker(π1(M) → H1(M))). Since H1(M) ∼= Z/2Z, π is the 2-fold unbranched
covering.
We then define λq(K) by the following formula:
λq(K) := λ(X).
It is obvious that λq(K) is a knot invariant of K. We also define |K|(q,d) by the following
formula, if |X|d is defined:
|K|(q,d) := |X|d.
It is also obvious that |K|(q,d) is a knot invariant of K.
We then have the following.
Theorem 2.1 Let K be a knot in a homology 3-sphere Σ. We assume the following.
(2.1) λ(Σ) = 0,
(2.2) ∆K(t)
.
= t2 − 3t+ 1,
(2.3) |q| 6= 1,
(2.4)
√
|K|(q,5) ≥ 4{λq(K)}
2 − 1.
Then M = Σ(K; 2/q) is not a Seifert fibered space.
The assumption (2.2) implies H1(X) ∼= Z/5Z as shown in §3, hence |X|5 is defined.
The assumption (2.4) means
√
|X|5 ≥ 4{λ(X)}
2 − 1. As noticed in the introduction, this
inequality is suggested by computations in the following example, and so is the assumption
(2.1).
Example 2.2 Let K be the figure eight knot. Then λq(K) = −q and |K|(q,5) = (5q
2 − 1)2.
Hence (2.4) holds for every q.
2
3 Proof of Theorem 2.1
Let Σ2 be the double branched covering space of Σ branched along K, and K the lifted knot
of K in Σ2. Since |∆K(−1)| = 5, we have H1(Σ2) ∼= Z/5Z. Since K is null-homologous in Σ2,
and X is the result of 1/q-surgery on K, we have H1(X) ∼= Z/5Z.
We suppose that M is a Seifert fibered space. According to Theorem 1.1, we may assume
that M has a framed link presentation as in Figure 1, where 1 ≤ α < β and gcd(α, β) = 1.
2β
0
2q
M =
3q
5
K2 K3K1 J
2α
1q
Figure 1: A framed link presentation of M = Σ(K; 2/q)
In fact, since H1(M) ∼= Z/2Z, the base surface of M has genus 0 and is S
2 (i.e. the projective
plane P2 is ruled out because the order of H1(M) is not divisible by 4). By (2.2), ∆K(t)
.
=
t2 − 3t + 1. Hence by Theorem 1.1, we have the presentation in Figure 1, where 1 ≤ α ≤ β
and gcd(α, β) = 1. Then the exceptional case that α = β = 1 is removed as follows: The
order of H1(M) is equal to
|10q1 + 10q2 + 4q3|
if α = β = 1. Since H1(X) ∼= Z/2Z, we have
5q1 + 5q2 + 2q3 = ±1
Since q1 and q2 are odd, this is impossible. Thus we have the desired presentation.
Then, on the universal abelian covering X of M , we see
(∗) : X has a framed link presentation as in Figure 2.
α
0
1q
X =
β
2q 3q
5
J
3q
5
Figure 2: A framed link presentation of X
Assuming (∗), we proceed with the proof (We will give a proof of (∗) in the appendix,
which is essentially owing to [Se]).
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By (∗) and [Kd2, Theorem 1.2 (3)], we have |X|5 = (αβ)
4. Hence by (2.4), we have
(αβ)2 ≥ 4{λ(X)}2 − 1. (3.1)
Since 4{λ(X)}2 ≤ (αβ)2 + 1 < (αβ + 1)2, we have
|λ(X)| <
αβ + 1
2
. (3.2)
We now consider e defined as follows:
e :=
q1
α
+
q2
β
+
q3
5
+
q3
5
.
According to the sign of e, we treat two cases separetely: We first consider the case e > 0.
Then the order of H1(X) is 25αβe by (∗) and [Or, Sv]. Since H1(X) ∼= Z/5Z, 25αβe = 5,
and e = 1/(5αβ). Hence by (∗) and [Le, Proposition 6.1.1], we have
λ(X) = (−2)αβ +
25β
24α
+
25α
24β
+
1
24αβ
−
5
8
−
5
2
S (3.3)
where S = s(q1, α) + s(q2, β) + 2s(q3, 5) and s(·, ·) denotes the Dedekind sum ([RG]).
By (3.2), we have
−
αβ + 1
2
< λ(X).
Hence
−
αβ + 1
2
< (−2)αβ +
25β
24α
+
25α
24β
+
1
24αβ
−
5
8
+
5
2
|S|.
Consequently we have
3
2
αβ < −
1
8
+
25
24α
β +
25
24
(
α
β
)
+
1
24αβ
+
5
2
|S|. (3.4)
We show that α ≥ 2 implies a contradiction: Suppose that α ≥ 2. Since α < β, we have
β ≥ 3 and α/β < 1. Hence
3β < −
1
8
+
25
24 · 2
β +
25
24
+
1
24 · 2 · 3
+
5
2
|S|.
In general, |s(q, p)| ≤ p/12 holds. In fact, by [BL] and [RG],
|s(q, p)| ≤ s(1, p) =
(p− 1)(p − 2)
12p
≤
p2
12p
=
p
12
.
Since |s(q1, α)| ≤
α
12 <
β
12 , |s(q2, β)| ≤
β
12 , and |s(q3, 5)| ≤
1
5 , we have
|S| ≤ |s(q1, α)| + |s(q2, β)| + 2|s(q3, 5)| ≤
β
6
+
2
5
.
Hence
3β < −
1
8
+
25
48
β +
25
24
+
1
144
+
5
2
(
β
6
+
2
5
)
=
(
7
8
+
1
144
)
+
25
24
+
45
48
β
< 1 + 1 + 2 + β
4
implies β < 2. This contradicts 2 ≤ α < β.
We next show that α = 1 implies β < 6: Suppose that α = 1, then β ≥ 2. Substituing
α = 1 in (3.4), we have
3
2
β < −
1
8
+
25
24
β +
25
24β
+
1
24β
+
5
2
|S|
where S = s(q2, β) + 2s(q3, 5) (since s(q1, 1) = 0). By using β ≥ 2,
3
2
β < −
1
8
+
25
24
β +
25
24 · 2
+
1
24 · 2
+
5
2
|S|.
By applying |s(q, p)| ≤ p12 and |s(q3, 5)| ≤
1
5 ,
|S| ≤ |s(q2, β)|+ 2|s(q3, 5)| ≤
β
12
+
2
5
,
and hence
3
2
β < −
1
8
+
25
24
β +
26
48
+
5
2
(
β
12
+
2
5
)
=
17
12
+
5
4
β.
Thus we have β < 6.
Since α = 1, e = 15β . Hence
q1
1
+
q2
β
+
q3
5
+
q3
5
=
1
5β
,
and hence we have the following equation
(5β)q1 + 5q2 + (2β)q3 = 1. (3.5)
Since q1 and q2 are odd (see Figure 1), β must be even by (3.5). Hence β = 2 or 4.
Suppose that β = 2, then by (3.5),
10q1 + 5q2 + 4q3 = 1.
Hence q2 ≡ −1 (mod4) and q3 ≡ −1 (mod5). By using [Le, Proposition 6.1.1] again, we have
λ(M) = −1. On the other hand, λ(M) = −q by the assumptions (2.1) and (2.2). Hence
q = 1. This contradicts (2.3).
Suppose that β = 4, then by (3.5),
20q1 + 5q2 + 8q3 = 1.
Hence q2 ≡ 1 (mod 4) and q3 ≡ 2 (mod 5). Hence by (3.3), we have λ(X) = −
9
2 . This
contradicts (3.1), and ends the proof in the case e > 0.
We finally consider the case e < 0. Then e = −
1
5αβ
. By (∗) and [Le, Proposition 6.1.1],
we have
λ(X) = −
{
(−2)αβ +
25β
24α
+
25α
24β
+
1
24αβ
−
5
8
+
5
2
S
}
.
Remaining part of the proof is similar to that in the case e > 0.
This completes the proof of Theorem 2.1. 
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4 A formula for the Casson-Walker-Lescop invariant of the
result of surgery on 2-bridge link
1b
1−a 2−a n−a
n−1b
L =
K1
K2
Figure 3: 2-bridge link L = K1 ∪K2 = D(a1, b1, a2, b2, . . . , an−1, bn−1, an)
Let L = K1 ∪K2 = D(a1, b1, a2, b2, . . . , an−1, bn−1, an) be the oriented 2-bridge link as in
Figure 3, where (a1, b1, . . . , an) is a sequence of (2n− 1) integers, and a frame box labeled an
integer c denotes a |c| positive (resp. negative) full twists of two horizontal strands if c > 0
(resp. c < 0).
Let X be the result of surgery on L with coefficients p1/q1 and p2/q2 being q1 and q2
positive:
X = S3(L; p1/q1, p2/q2), q1 > 0, q2 > 0.
Let E denote the linking matrix associated to the framed link presentation of X defined by
E =
(
p1/q1 ℓ
ℓ p2/q2
)
where ℓ is the linking number of L. Note that ℓ = −
∑n
i=1 ai. Let tr(E), σ(E) and b−(E)
denote the trace, the signature and the number of negative eigenvalues of E, respectively.
Then the following formula holds:
Theorem 4.1 ([Ma2, Lemma 2.1 and Proposition 3.1])
λ(X) = (−1)b−(E)q1q2
(
p2
q2
[K1] +
p1
q1
[K2] + [L]
)
+ |p|
(
σ(E)
8
+
s(p1, q1)
2
+
s(p2, q2)
2
)
where [L] =
∑n−1
k=1 bk(a1 + · · ·+ ak)(ak+1 + · · ·+ an)−
ℓ(ℓ2−1)
12 +
ℓ2
12 tr(E), [Ki] = −
p2
i
+q2
i
+1
24q2
i
for
i = 1, 2, and |p| = q1q2|det(E)|.
We apply this theorem in the next section.
5 Proof of Example 2.2
It is well-known that the figure eight knot 41 satisfies (2.2) of Theorem 2.1.
We now consider the oriented link L = K1 ∪K2 shown in Figure 4.
Then L = D(1,−q, 1) in the notation of Section 4.
As is well-known [Ro], M = S3(41; 2/q) is presented as shown in Figure 5, and hence its
6
−q
L =
K1
K2
Figure 4: L = K1 ∪K2 = D(1,−q, 1)
2/q
2/q
41 −1
M = =
Figure 5: M = S3(41; 2/q)
1/q
−q
−3
−3
−3
−3
X = =
L 
Figure 6: X = S3(L;−3,−3)
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two fold unbranched covering X is presented as S3(L;−3,−3) shown in Figure 6.
We compute λ(X): Let E be the linking matrix associated to the above framed link
presentation of X: E =
(
−3 −2
−2 −3
)
. Since tr(E) = −6, b−(E) = 2, σ(E) = −2 , [L] =
−q − 32 and [Ki] = −
11
24 (i = 1, 2), we have λ(X) = −q by Theorem 4.1.
We finally compute |X|5: According to [Kn, Theorem 1], the 2-variable Alexander poly-
nomial ∆L(t1, t2) of L is given by
∆L(t1, t2)
.
= −q(t1 − 1)(t2 − 1) + t1t2 + 1. (5.1)
Further, let Ti (i = 1, 2) be the representing element of a meridian of Ki in H1(X). Then by
the linking matrix E, we see
H1(X) = 〈T1, T2 | T
−3
1 T
−2
2 = T
−2
1 T
−3
2 = 1〉 = 〈T | T
5 = 1〉 ∼= Z/5Z,
where we regard T = T1 = T2.
Let ζ = ζ5 be a primitive 5-th root of unity, and ϕ : Z[H1(X)] → Q(ζ) a ring homomor-
phism defined by ϕ(T1) = ϕ(T2) = ζ. Then the Reidemeister torsion of X associated to ϕ,
denoted by τϕ(X), is defined (cf. [Tr1, Tr2]), and we have
τϕ(X)
.
= {(1− q)(ζ − 1)2 + 2ζ}(ζ − 1)−2 (5.2)
by (5.1) and [Kd2, Lemma 2.5 (1)].
In addition, suppose that X = Σ′(K ′; 5/q′) for a knot K ′ in a homology 3-sphere Σ′. Then
we have
τϕ(X)
.
= ∆K ′(ζ
′)(ζ ′ − 1)−1(ζ ′q¯
′
− 1)−1 (5.3)
by [Kd2, Lemma 2.6], where ζ ′ is a primitive 5-th root of unity, and q′q¯′ ≡ 1 (mod p).
By comparing (5.2) and (5.3), we have
|X|5 = |∆K ′(t)|5 =
∣∣∣∣∣∣
∏
i∈(Z/5Z)×
{(1− q)(ζ i − 1)2 + 2ζ i}
∣∣∣∣∣∣
= {(1 − q)(ζ + ζ−1) + 2q}2{(1 − q)(ζ2 + ζ−2) + 2q}2
= (5q2 − 1)2.
Since λ(X) = −q, we have √
|X|5 = 5{λ(X)}
2 − 1
≥ 4{λ(X)}2 − 1.
Therefore the figure eight knot satisfies (2.4). 
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6 Concluding Remarks
(1) W. Thurston [Th] determined exceptional surgeries of the figure eight knot in terms of
hyperbolic geometry, and M. Brittenham and Y. Wu [BW] determined exceptional surgeries
of 2-bridge knots by using lamination theory.
(2) As in Theorem 1.1, the abelian Reidemeister torsion of M dominates the numerator p
of Seifert surgery coefficient p/q on a knot. On the other hand, as in Theorem 2.1 and
Example 2.2, the meta-abelian Reidemeister torsion τϕ(X) of M and the Casson-Walker-
Lescop invariant λ(X) in combination dominate the denominator q of p/q.
(3) M. Marcolli and B. Wang [MW], and L. Nicolaescu [Ni] showed that the Seiberg-Witten
invariant for a rational homology 3-sphere is decomposed into the Reidemeister-Turaev torsion
part and the Casson-Walker invariant part.
Hence it would be worth asking how one can prove directly Theorem 2.1 or the like by
applying the Seiberg-Witten invariant.
Acknowledgement The authors would like to thank to Kazuhiro Ichihara, Kimihiko Motegi,
Makoto Sakuma and Yasuyoshi Tsutsumi for giving them useful comments.
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Appendix: Proof of (∗) in Section 3
pi-rotation
2-fold
F
p2
~
~
~ ~
2β
2q
3q
5
2α
1q
α
1q
β
2q
3q
5
3q
5
p1
p'3
p2
p1
p3p''3
S
2
Figure 7: Illustration for proof
Figure 7 illustrates the proof given below: Let N be the result of 0-surgery along J , and
we consider K1 ∪ K2 ∪ K3 as a link in N (Figure 8 (a)). Then N = S
2 × S1, and we may
0
N =
K2 K3K1 J
(a) (b)
0
K2 K3K1 J
A
Figure 8: K1 ∪K2 ∪K3 in N = S
2 × S1, and an annulus A bounded by K1 ∪K2
assume that K1, K2 and K3 are regular fibers of N ; in other words we may assume as follows:
K1 = {p1} × S
1, K2 = {p2} × S
1, K3 = {p3} × S
1, p1, p2, p3 ∈ S
2.
Note that we can choose a regular fiber of N as a preferred longitude of Ki in Figure 1. In
the following, we always choose a regular fiber as a preferred longitude of Ki.
Let A be an annulus as illustrateted in Figure 8 (b), which is a Seifert surface for K1 ∪K2
in N . Let Y be the 2-fold branched covering of N branched along K1 ∪ K2 constructed by
cut-open and copy-paste along A. Then Y is a Seifert fibered space. Let F be the base surface
of Y . Then F is the 2-fold branched covering of S2 with {p1, p2} as the branch set. Hence
F = S2, and Y = F × S1 = S2 × S1.
Let p˜1, p˜2, {p˜
′
3, p˜
′′
3} be the inverse images of p1, p2, p3 with respect to F → S
2 respectively,
and set as follows:
K˜1 = {p˜1} × S
1, K˜2 = {p˜2} × S
1, K˜ ′3 = {p˜
′
3} × S
1, K˜ ′′3 = {p˜
′′
3} × S
1.
Then K˜1, K˜2, K˜
′
3 ∪ K˜
′′
3 are the inverse images of K1, K2, K3 with respect to Y → N
respectively. Note that
K˜1 ∪ K˜2 ∪ K˜
′
3 ∪ K˜
′′
3 ⊂ Y = S
2 × S1
10
is viewed as in Figure 9.
0
Y =
K2 K'3K1
~ ~ ~ K"3
~
Figure 9: 2-fold branched covering Y → N along ∂A, and the lifted link of K1 ∪K2 ∪K3
By Figure 1 and Figure 8 (a), M is obtained from N by surgery on K1 ∪ K2 ∪K3 with
coefficients 2α/q1, 2β/q2, 5/q3. We have assumed that the preferred longitude of Ki in Figure
1 is a regular fiber of N , and hence its lift to Y is also a regular fiber (since each lift of a
regular fiber is a regular fiber). Hence X is obtained from Y by surgery on K˜1∪ K˜2∪ K˜
′
3∪ K˜
′′
3
with coefficients α/q1, β/q2, 5/q3, 5/q3. This means (∗). 
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